AROUND Hom(G,, G,,[1]) IN CHARACTERISTIC ZERO

In this document we work always over Q and if there is a topology we will always assume the descendable
topology. We will sometimes refer to symmetric monoidal presentable stable categories as 1-rings, and ob-
jects in the opposite category as 1-affine schemes. The E., group scheme G (which can be identified with
Gy, via the exponential map) can be extended to a functor on Q-linear symmetric monoidal categories. That
it, for any Q-linear symmetric monoidal category T, we define @;,(T) to be

Homeyqpit (QCoh(Gp), T)

The Eo.-group structure on @Tn induces a bialgebra structure on QCoh(@:n) and thus an E,-group structure
on @(T).

Using the fact that QCoh(@r\n) is an idempotent QCoh (G, )-algebra, which is itself an idempotent QCoh(A!)-
algebra, we see that Gm (T) is simply the subspaceﬂ] of x in Q* (Endr(17)) such that colim(1p LN 1r...) =
0 (orif R is an E-ring, this is equivalent to the image of x — 1 in mo(R) being nilpotent). For an Ee,-ring R,
@:,,(R) only depends on the connective cover of R.

Because (ip).Q € QCoh(@;) is compact, the dual category QCoh(@r\n)v is the module category over a
commutative cocommutative bialgebra. Duality theory in Elliptic I Proposition 3.8.5 implies that for sym-
metric monoidal Q-linear presentable stable categories 7',

— . — V
(0.1) HOomMeyon 7- atg(petor) (Gn)7 Picl) = Homjg(pet.) (QCOn(Grm) ', T)

where (@;,)T is the bialgebra category QCoh(@;n) ®T and Pic; is the bialgebra category corepresenting the
functor

C— ( CE ) X
sending a symmetric monoidal 7-linear presentable stable category to its E.,-monoid of units. The bialgebra
category is the categorified group algebra on the sphere spectrum over 7, i.e. T[Q*S].

Therefore to identify the bialgebra EndQcoh @Y (1), we can look at Homgyop (g- Alg(PrL)op) ((@;1) R> PicL)

for E-rings R over Q. The map = — Gy of sheaves on nonconnective Q-algebras is a descendable coverﬁ.
Additionally, the Hopf algebra dual of Q5 ' Symg (Q[-1]) isE Q[S'] which corepresents the functor QG,,,.
These two facts combine to show

HomCMon(R- A]g(Pré‘t)"P) ((Gm)Ra Plc;g) = HomShv(ncAfF/specR,SpC“) ((TZ 1 Gm)#, PICT)
HomShv(ncAfF/specR,SpC“) (QGma Gm)
7>0(R[1])

0.2)

1R

IR

Hence we deduce that
—  V
0.3) QCoh(Gp) = QCoh(Symg(Q[-1])) = QCoh(G,[1])
From this, we see that
(0.4) Homygon(r- Alg (et yor) ((Ga [11)7, Pick) = Homeyy prt) (QCo(Gin), T) = G (T)

1meaming the inclusion is a (—1)-truncated map
2the same proof as Propsition @ below shows that it is even descendable as 1-affine schemes
3the previous map is induced from the natural map BZ — BG,
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for all symmetric monoidal Q-linear presentable stable categories T (where G, [1] corepresents the functor
whose value on T is 75o(Endy 1[1])). After the isomorphism (the topology (on 1-affine schemes) is that of
descent for module categories—which we also call the descendable topology),

HomCMon(T- Alg(Pr§;)°P) ((Gall])r, PiCTT) = HomShv(T— Alg(PrL)op, sp) (Gq[1], PiCT)

note that there are two interpretations of G, [ 1], the functor 75¢(Endy 1[1]) or the sheafification of the functor
750 Endr 1[1] but they agree because elements of Q*(Endr 1[1]) vanish descendable-locally. We conclude
that

Proposition 0.1. For any 1-ring (symmetric monoidal presentable stable category) T of characteristic zero,
we have the isomorphism of connective spectra

HomCMon(lAff/specT) (Ga’ Gm) = @Tn(T)
where 1Aff means the opposite category of 1-rings.

An E,-monoid in formal qcqgs algebraic spaces (which we require to be completion of qcqgs algebraic
space at the complement of a quasi-compact open) G induces a cocommutative and commutative bialgebra
QCoh(G) in presentable stable categories, which is dualizable as an underlying presentable stable category.
The category of quasicoherent sheaves QCoh(X) on a formal qcqs algebraic space is self-dual using the usual
duality data for qcqs schemes (Fourier-Mukai functors with diagonal sheaf) except we replace pushforward
and pullback functors f. and f* with I'z f.iz and 'z f*iz (i.e. precomposing with torsion incarnation and
postcomposing with pullback to the formal scheme). We denote these functors by f, and f* below. Duality
in Prlgt swaps these pushfoward and pullback functors (altered as above in the formal case) if one identifies
QCoh(X) and QCoh(X)" as above. Hence, the algebra structure on QCoh(G)" is the convolution tensor
product on QCoh(G) induced by pushforward along G X G — G and the coalgebra structure is induced by
the pushfoward along G — G X G.

Proposition 0.2.

QCoh(G,)"-Mod = lim(QCoh(Q)- Mod =3 QCoh(Q) ®QCoh(c,)” QCoh(Q)-Mod =)

ﬁ
where Mod means modules in Prét.
Proof. Applying HA Corollary 4.7.5.3, it suffices to show that the functor
(05) _ ®QCOh(Ga)V Q : QCOh(Gd)V' Mod — Q— Mod

preserves limits and is conservative.
The base-change isomorphism for the pullback diagram

GxG 25 G
(0.6) lu l
G — «

implies that the pullback functor QCoh(Q) — QCoh(G,) is QCoh(G,)"-linear (as this is identified with
QCoh(G,) with the convolution product). Hence the unit in QCoh(Q) is QCoh(G,)" -atomic and QCoh(Q)
is QCoh(G,)"-dualizable and thus (@) preserves limits.

Conservativity follows from the fact the limit diagram (in QCoh(G,)"- Mod)

QCoh(G,)" = 1im(QCoh(Q) =3 QCoh(Q) ®qcen(s,)¥ QCoh(Q) 33 ...)

is preserved under tensoring as all nondegenerate transition functors admit linear left adjoints. |
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We can interpret Proposition as showing that QCoh(G,)" — QCoh(Q) is descendable (where a map
of symmetric monoidal stable categories is descendable if there’s descent for module categories). Duality
theory in the form of Elliptic I Proposition 3.8.5 implies that for symmetric monoidal Q-linear presentable
stable categories 7',

0.7) HOMeyon 7- atg(pior) (Ga) 7 Pic}) = Hom, Alg(pit) (QCON(Ga) ", T)
Proposition .2 implies that the right hand side is the sheafification of its 1-connective cover. As
QHomyjg(pit ) (QCON(Gy) ", T) = Homgyy 7 ajg(pt yor,spem) (Ca [ 17, Pic])
we conclude from (@) and (@) that
QHomeyy (prt) (QCON(Gy) ¥, T) = Homeyjqpyt (QCoh(Grn), T)
and therefore
Proposition 0.3. For any characteristic zero 1-ring T,
Home g (pity (QCoh(Gy) Y, T) = (G [11)*(T)
which implies that QCoh(G,)" = QCoh(B@I\n) and (after Proposition @) (B@)# is l—aﬁ‘ineg.
Corollary 0.4. For any characteristic zero connective ring R,
Homgh (ff 55" (Gas (G [1D*) = (BG)]_ e (R) = Homeyyyqpyt) (QCoh(BGrn), QCoh(R))
where the shedfification is over R-linear 1-affine schemes with the descendable topology.

Proof. Direct consequence of the sequence
(Gw[1])* - Pic" — (2)*
(which can be seen from Postnikov truncation in Zariski topology) and the fact that all group maps from G,

to Z are 0. [ ]

Let G, 4r be defined (on 1-affine schemes) to be the fibre (B@;)# — (BG,)*. It is corepresentable by
the symmetric monoidal category QCoh(Q) ®4Coh(BE,) QCoh(BG,). Because G, — G, is (—1)-truncated,
Gq.ar 1s valued in discrete abelian groups for any symmetric monoidal category of characteristic zero. If R
is a connective Q-algebra, we have the short exact sequence of abelian groups
(0.8) 0= Ryeqd = Ga,ar(R) = H|_y,,.(Spec R, Gg) — 0

l-desc
The flatness of G, and nilcompleteness of (BG,,)* implies (with the Breen-Deligne resolution) that

Homshy (Aff .50 (G (G [1D®) = (BG40 (R)

is nilcomplete. It is also infinitesimally cohesive from the Breen-Deligne resolution and the fact that G, is
flat.

Letu be an element of Homghy (aff . sp) (Gas (G [1])¥). The cotangent complex of Eq(u, 0) (the space of
trivializations) at a R-algebra S (and a trivialization ¢ of u over §) exists and is the S-module corepresenting
the functor (on connective S-modules)

M > fib(Gp(S & M) — Gm(S))
i.e. the trivial module S. Thus we obtain
(BG)} _gose(R) = (BGu)}_ypse(T<nR)

1-desc 1-desc

4where the sheafification is in the descendable topology on 1-affine schemes
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is n + 1-connective. Thus (@) only depends on 7o (R) (where we identified (’}Ta and @:n with the exponential
map).

We thus assume R is discrete from now on. Now, by the Breen-Deligne resolution and the fact that
Homghy (Aff . Spe") (Ga, (Gn[1])*) can be computed in the étale topos, we know that it commutes with fil-

tered colimits in R. As Ext!(G,,G,,) (in any topology) is nil-invariant by deformation theory, we see that it
only depends on R4 for any connective Q-algebra R. So we may also assume R reduced as well as discrete.

We claim that G, gr(R) = R*""™ where R“"" is the absolute weak normalization of R (which agrees
with the seminormalization of R because we are in characteristic zero). Lemma OCN8 and Lemma OEUR of
Stacks project imply that the functor R — R*"" preserves filtered colimits. Hence it suffices to show this
statement for finite-type Q-algebras, as long as we show it functorially.

Ga.qr is an h-sheaf on the site of underived(!) finite-type affine schemes over Q because any h-cover is
descendable and G,_4g (R)only depends on the classical reduced part of R. Hence, there’s a map from (Rred)fl
to G, 4r. The natural transformation G, 4r(R) — G, qgr(R“™"™) is pointwise an isomorphism by h-descent
along R — R*"". Now, we are done because the map R — G, 4r(R) is an isomorphism when R is absolute
weakly normal (= seminormal because we are in characteristic zero) as Ext! (Gg, Gy) vanishes (by the Breen-
Deligne resolution and the A'-invariance of Pic as a 1-truncated space on seminormal characteristic zero
schemes).

This paper came out of joint conversations with Gabriel Ribeiro.

5Compare with Lemma 6.4 of Ribeiro-Rosengarten



